ABSTRACT This paper focuses on the tracking control of a class of uncertain nonlinear systems with consideration of both time-varying input delay and output constraints. By introducing an auxiliary signal, which is based on the finite integral of the past control values in the design procedure, an adaptive controller is proposed to compensate for the effect of input delay and to handle various uncertainties. Meanwhile, an asymmetric time-varying barrier Lyapunov function is employed in the controller design to ensure the output constraint satisfaction. The stability analysis utilizing Lyapunov-Krasovskii functionals reveals that the proposed adaptive controller guarantees a uniformly ultimately bounded tracking performance and the time-varying output constraints are never violated. Two simulation examples are given to verify the effectiveness of the proposed control scheme.
I. INTRODUCTION
Control of time delay systems has been an active research area during the last few decades due to the adverse effects (e.g., performance deterioration and instability) caused by time delay and challenges in the delay compensating design. As a kind of time delay, the input delay occurs between the control input and the plant and arises from communication latencies, computation time and sensor measurement [18] . To compensate for the effect of input delay, lots of predictive control methods have been proposed for linear systems such as [1] - [8] . Among them, Smith predictor [1] , finite spectrum assignment method [2] and Artstein reduction approach [3] have been well known as the seminal works controlling time delay systems. Nevertheless, the majority of practical systems exhibit nonlinear dynamic behaviors and have inherent model uncertainties including parametric uncertainties and additive disturbances, such as linear motor driven systems [9] , [10] , active suspensions [11] , [12] , and hydraulic actuation systems [13] , [14] , etc. Hence, controller design for nonlinear systems with input delay possesses more practical meaning. Though various approaches have been studied to deal with the nonlinearity and model uncertainty, such as discrete time delay estimation based control [15] , nonlinear adaptive control [16] , and active disturbance adaptive control [17] , the input delay effect was not considered in those control designs.
Recently, some control schemes have been developed to solve the control problem of nonlinear systems with input delay. For instance, an input delay compensating controller was proposed in [19] for finite-escape open loop unstable nonlinear plants in the presence of input delay based on the design concept coming from boundary control for nonlinear PDEs. Nonlinear predictor-based control methods were researched for more general input delayed nonlinear systems in [20] and [21] . In addition, the work in [22] presented a non-predictor feedback controller for feedforward nonlinear systems with both input and state delays to eliminate the needs for infinite dimension and a priori information of delays. It is worth noting that the abovementioned approaches need the exact model information of the nonlinear control plant which might be impossible to capture in practice. In [23] , the uncertain nonlinear dynamics and external disturbance of Euler-Lagrange systems with constant input delay were taken into account, and two robust control laws were proposed to compensate the input delay effect. The methods in [23] were subsequently extended to the cases of known and unknown time-varying input delay in [24] - [26] , respectively. However, for the methods in [24] - [26] , the uncertain nonlinear dynamics were only considered in the stability analysis but not involved in the controller design which might lead to some design conservatism. Moreover, the methods in [24] - [26] are only applicable for nonlinear systems of the chain of integrators form. With the assumption that the uncertain nonlinear dynamics can be linearly parameterized, an adaptive controller was proposed in [27] by utilizing a desired compensation adaptation law based feedforward term to account for the parametric uncertainties and a robust delay compensation feedback term to compensate for the constant input delay. Output feedback control with input delay and disturbance compensation was also investigated for nonlinear systems in [28] . However, the control schemes in [27] and [28] are not applicable for input delayed nonlinear systems with unmatched uncertainties. In [29] - [31] , by employing fuzzy logic system and neural network to approximate the unknown nonlinear functions, adaptive controllers were designed for uncertain nonlinear systems with input delay. But the input delays in [29] - [31] need to be constants and the input nonlinearity case (i.e., the control input is coupled with nonlinear function) cannot be handled. Although the control problem of time-varying input delay compensation for switched strict-feedback nonlinear systems was addressed via adaptive neural network approach in [32] , it is well known that the main drawback of neural network based control is the large online learning time.
Besides, noting that constraints in the form of physical stoppages, saturation, or performance and safety specifications often exist in many practical systems, the output constraint is also taken as an important issue in this paper. There are many methods accommodating the output and state constraints in control design, such as model prediction control [33] , reference governor [34] , system transformation technique [35] , [36] , and barrier Lyapunov function (BLF) based control [37] - [39] . Among them, the BLF based control scheme is the most widely employed, which using the property that the BLF will escape to infinity as its augments approach certain limits. In [37] , BLF was first employed in the controller design for nonlinear systems to guarantee the static output constraints satisfaction, which shows the superiority of BLF based controller in comparison to the Quadratic Lyapunov function based one since the BLF based control requires less restrictive initial conditions. BLF based adaptive neural network control was also developed for uncertain output feedback nonlinear systems with static output constraints in [38] . Considering that the practical systems may encounter time-varying output constraints, an asymmetric time-varying BLF was proposed for strict feedback nonlinear systems and employed in the constrained controller design to ensure that the time-varying output constraints are not transgressed in [39] . In addition, the authors in [39] also presented how the constrained controller handles the parametric uncertainty and external disturbance in two different cases respectively.
It can be noted from the above discussions that the existing control methods have some drawbacks and the tracking control of uncertain nonlinear systems with both time-varying input delay and output constraints has never been researched. Hence, in this paper, an adaptive controller is proposed for tracking control of input delayed nonlinear systems with time-varying output constraints, parametric uncertainties and additive disturbances. During the control design, an auxiliary signal based on the finite integral of the past control values is introduced in the error system to transform the input delayed system to a delay-free system. In addition, an asymmetric time-varying BLF in [39] is exploited to ensure the output constraints satisfaction. Due to the use of the auxiliary signal, Lyapunov-Krasovskii functionals are incorporated in the closed loop system stability analysis to cancel the time delayed terms. The theoretical analysis proves that global UUB tracking performance can be obtained by the proposed adaptive controller and the time-varying output constraints are never violated.
This paper is organized as follows. Problem formulation and preliminaries are given in Section II. Section III presents the proposed time-varying BLF-based adaptive control design. The main theoretical results of the proposed method are shown in Section IV. Two simulation results are obtained in Section V. Conclusions of this paper can be found in Section VI.
II. PROBLEM FORMULATION AND PRELIMINARIES
Consider a class of single-input-single-output (SISO) uncertain nonlinear systems with time-varying input delay of the form:
where x = [x 1 , . . . , x n ] T ∈ R n is the system state variable, x i = [x 1 , . . . , x i ] T , y ∈ R is the system output, θ ∈ R p is an unknown constant parameter vector, ϕ i ∈ R n , i = 1, . . . , n are known smooth functions, β (x) ∈ R + is a known bounded positive function, u(t − h(t)) ∈ R is the delayed control input and h(t) ∈ R + is a known non-negative time-varying input delay, (x, t) ∈ R represents the additive disturbance. It is assumed that the control input and its past control values (i.e., u(t-ν)∀ν ∈ [0, h(t)]) are measurable. For ease of notation, the time delayed control input u(t-h(t)) is abbreviated by u h . In addition, the time-varying output constraints is considered in this paper, i.e., the output y(t) is required to satisfy
whereL c1 (t) and L c1 (t) are time-varying output constraints. The objective is to synthesize a delay-free control input u to make the output y 1 = x 1 track a desired trajectory y d (t) as closely as possible in the presence of time-varying input delay and various uncertainties, while ensuring that the timevarying output constraint is not violated.
Assumption 1: The desired trajectory y d (t) is bounded and n-times continuously differentiable. Hence, y d (t) satisfies
Assumption 2: There exists constantsm ci and m ci , i = 0, 1, . . . , n such thatL c1 (t) ≤m c0 , L c1 (t) ≥ m c0 and
The time-varying input delay h(t) is bounded such that 0 ≤ h(t) ≤ H 1 , where H 1 ∈ R + is a known constant. in addition, the input delay is slow varying such that the change rate of the delay satisfies |ḣ(t)| < 1 and h(t) is also bounded such that |ḧ(t)| < H 2 , where H 2 ∈ R + is a known constant.
Assumption 4: There exist unknown positive constants
is a known smooth positive function.
Lemma 1: The following inequality holds for any ε > 0 and η ∈ R
where ρ is a constant satisfying ρ = e −(ρ+1) , i.e., ρ = 0.2758.
Lemma 2 [39] : The following property holds for all |ξ | < 1 and any positive integer p
III. TIME-VARYING BLF-BASED ADAPTIVE CONTROL DESIGN
In this section, the adaptive controller is developed based on backstepping design procedure [40] . Define the error variables as follows
where z 1 is the output tracking error; α i , i = 1, . . . , n − 1 are virtual control functions to be designed later and z u is an auxiliary error signal defined by
Remark 1: In (5), B ∈ R + is a constant positive best estimate of the function β (x). We replace β (x) with B in the definition of z n is to avoid directly differentiating β (x) in the time derivative of z n and facilitate the closed loop system stability analysis.
Let χ denote the discrepancy between B and β (x), i.e.,
Since β (x) is bounded, the following inequality holds:
|χ| ≤χ (8) whereχ ∈ R + is a known constant.
Step 1: Consider the Lyapunov function candidate which contains a time-varying asymmetric barrier function [39] 
where p is a positive integer satisfying 2p ≥ n to ensure the differentiability of the virtual control functions α i ; θ = θ -θ ,θ 1 = ϑ 1 −θ 1 are parameter estimation errors, in whichθ is the estimate of θ andθ 1 is the estimate of ϑ 1 ;
is a diagonal positive definite adaptation rate matrix and κ 1 > 0 is the adaptive gain; L a1 (t) and L b1 (t) are time-varying barriers of z 1 which are given by (10) and the function s( * ) is defined as
Based on Assumption 1 and 2, it can be known that
Define the following error transformation
the function V 1 in (9) can be rewritten as
The time derivative of V 1 iṡ
where
and
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Based on (15) and (16), the virtual control function α 1 and the adaptive law forθ 1 can be designed as
whereδ 1 (x, t) = δ 1 (x, t), c 1 is a positive feedback gain, σ ϑ1 > 0 is a design constant and the time-varying gain is given by [39] 
in which γ is a positive constant. Substituting (13), (16), (17) and (18) into (15), and noting that
it can be obtained thaṫ
Step 2: Noting (3), the time derivative of z 2 can be shown aṡ
where ϑ 2 = max{ 1 , 2 } is an unknown positive constant, δ 2 (x, t) ≥ δ 2 (x, t) + |∂α 1 /∂x 1 |δ 1 (x, t) is a known smooth function.
Using the inequality in (3), it can be further shown that
Consider the Lyapunov function candidate
where κ 2 > 0 is the adaptive gain. Its time derivative can be given as follows by combing (22) , (23), (24) and (25) (27) where
Based on (27) , the virtual control function α 2 and the adaptive law forθ 2 can be designed as
where c 2 is a positive feedback gain, σ ϑ2 > 0 and σ θ > 0 are design parameters. Substituting (28) and (29) into (27) , similar with (21), it can be shown thaṫ
Step i (3 ≤ i ≤ n − 2): Noting (3), the time derivative of z i can be shown aṡ
where (24) and (25), we have
is a known smooth function, and η i = z i .
where κ i > 0 is the adaptive gain. Its time derivative can be given bẏ
iθ iθi (34) where
Based on (34), the virtual control function α i and the adaptive law forθ i can be designed as
where c i is a positive feedback gain and σ ϑi > 0 is a design parameter. Substituting (35) and (36) into (34), similar with (21), it can be shown thaṫ
Step n-1: Noting (3), the time derivative of z n−1 can be shown aṡ
Consider the Lyapunov function candidate (39) where κ n−1 > 0 is the adaptive gain, and similar to (32), ϑ n−1 = max{ 1 , . . . , n−1 } is an unknown positive constant,δ n−1 (x, t) ≥ δ n−1 (x, t) + n−2 j=1 |∂α n−2 /∂x j |δ j (x, t) is a known smooth function, and η n−1 = z n−1 .
Its time derivative can be given bẏ
where τ n−1 = τ n−2 + ω n−1 z n−1 . Based on (40) , similar to the design of α i , i = 3, . . . , n − 2, the virtual control function α n−1 and the adaptive law forθ n−1 can be synthesized as
where c n−1 is a positive feedback gain and σ ϑ (n−1) > 0 is a design parameter. Substituting (41) and (42) into (40), similar with (21) , it can be shown thaṫ
Step n: Noting (3), the time derivative of z n can be shown aṡ
where κ n > 0 is the adaptive gain, and similar to (32), ϑ n = max{ 1 , . . . , n } is an unknown positive constant,
is a known smooth function, and η n = z n .
where τ n = τ n−1 + ω n z n .
Based on (46), the final control input u and the adaptation laws forθ andθ n can be designed as
where c n is a positive feedback gain and σ ϑn > 0 is a design parameter. Applying the control input (47) and adaptive laws (48) and (49) to (46), similar with (21), it can be shown thaṫ
IV. MAIN RESULTS

Theorem:
Consider the uncertain nonlinear system (1) under Assumption 1-4, if the initial value of the system output y(0) is within the time-varying output constraint, i.e., L c1 (0) < y(0) <L c1 (0), and the following sufficient conditions are satisfied,
where ψ, ∈ R + are known constants, then the proposed adaptive controller (47) guarantees a uniformly ultimately bounded tracking performance and the asymmetric timevarying output constraint is never violated, i.e., L c1 (t) < y(t) <L c1 (t), ∀t > 0. Furthermore, the positive definite function V defined as follows
where the positive definite Lyapunov-Krasovskii functionals P and Q are defined as
is upper bounded by
where ) |u M | 2 , in which u M is the maximum hardware constraint for the control input of practical systems.
Proof: See Appendix. Remark 2: Results of Theorem indicate that uniformly ultimately bounded tracking performance can be ensured by the proposed adaptive controller with consideration of timevarying input delay and the preset output constraints are never violated. The converging rate λ and the final tracking error ζ /λ can be adjusted via certain controller parameters freely in a known form.
V. SIMULATION STUDIES
In this section, two simulation examples are presented to illustrate the effectiveness of the proposed control scheme.
Example 1: Consider the following second-order input delayed nonlinear system similar to that in [37] :
where θ 1 = 0.1, θ 2 = 0.1 and θ 3 = −0.2. The desired trajectory y d (t) = 0.5 sin t and the preset asymmetric time-varying output constraints areL c1 (t) = 0.6 + 0.1 cos t, L c1 (t) = −0.5 + 0.4 sin t. The time-varying input delay h(t) = 5 sin t + 20 ms and external disturbance (x, t) = 0.1 sin t. The adaptive controller is designed as follows:
with the error variables z 2 = x 2 − α 1 + B the output constraints, the output tracking performance with the proposed adaptive controller is shown in Fig. 1 and the corresponding tracking error is given in Fig. 2 . As seen from Fig. 1 , although the system is subjected to time-varying input delay and the initial output is away from the desired trajectory, the output y gradually converges to y d and never violates the output constraints. The tracking error also satisfies its time-varying constraints as in Fig. 2. Fig. 3 and Fig. 4 show the estimates of the unknown parameters and control input respectively.
Example 2: In this example, the motion control of a onelink manipulator with consideration of motor dynamics and time-varying input delay is investigated as an application of the proposed method. The mathematical model of such system is given by [41] written in a state-space form aṡ
Based on (60), the adaptive controller is designed as
with the error variables 
In the simulation, the design parameters of the control are chosen as c 1 = 20, c 2 = 4, c 3 = 20, p = 2 and ε = 0.1. The initial estimates of the unknown parameters are set as zero and the parameter adaptation gains are selected to be
, and σ ϑ2 = σ ϑ3 = 5 × 10 −3 . Consider the initial link position and velocity are x 1 (0) = 1.2 and x 2 (0) = 3 respectively. It is obvious that the initial condition satisfies the preset output constraints. With the proposed adaptive controller, the link position can well track the desired trajectory in the presence of time-varying input delay and never violate the output constraints as shown in Fig. 5 and Fig. 6 . Meanwhile, parameter adaptation process and control torque are presented in Fig. 7 and Fig. 8 respectively.
VI. CONCLUSION
In this paper, an adaptive tracking controller has been proposed for uncertain nonlinear systems with both time-varying input delay and output constraints. To facilitate the control design, an auxiliary signal based on the finite integral of the past control values is introduced in the error system, then the input delayed uncertain nonlinear system can be transformed to a delay-free one and the time delayed terms caused by the use of the auxiliary signal are canceled by constructing the LK functionals in the stability analysis. With this auxiliary signal, the designed adaptive controller can not only deal with various uncertainties but also compensate for the time-varying input delay effect. Meanwhile, an asymmetric BLF is utilized in the controller design to ensure the output constraint satisfaction. The closed loop system stability analysis shows that the proposed adaptive controller guarantees a uniformly ultimately bounded tracking performance and the time-varying output constraints are never violated. Simulation results have been obtained to verify the effectiveness of the proposed control scheme. In the future, we will consider the design of adaptive controller with online delay estimation for uncertain nonlinear systems with unknown input delay. 
